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The dynamical Casimir effect for neutral scalar massive field in a cavity with perfect
reflecting boundaries is revisited from a mathematical point of view. We consider some
1+ 1 and 3 4 1 dimensional examples in which the boundary oscillates. For short
times, the average number of produced particles is calculated using the second order
perturbation theory, and for large times, the method to calculate the number of created
particles is the rotating wave approximation.
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duction.

PACS Subject Classifications. 42.50.Lc, 03.70.+k, 11.10.Ef

1. INTRODUCTION

The creation of massless particles in cavities with perfect reflecting bound-
aries whose walls oscillate in resonance with the eigenfrequencies of some quan-
tum modes has been studied in some papers (Dodonov and Klimov, 1996; Crocce
et al., 2002; Schiitzhold et al., 2002). In this situation the authors use several
methods to calculate the production of particles (averaging over fast oscillations
(Dodonov and Klimov, 1996), multiple scale analysis (Crocce et al., 2002), rotat-
ing wave approximation (Law, 1994; Schiitzhold et al., 2002). In this paper we
review and discuss from a mathematical point of view the results obtained by these
authors. For short times using the second order perturbation theory, and for large
times, in the rotating wave approximation. Our conclusion about this topic is that,
if the movement of the boundary is sufficiently smooth (C* in 1 + 1 dimensions
and C* in 3 + 1 dimensions) the average number of created particles is finite,
but when this movement has some type of discontinuities a divergent production
of particles is possible, in agreement with the conclusions of Moore (1970) and
Schiitzhold et al. (1998).

! Departament de Matematica Aplicada I, Universitat Politécnica de Catalunya, Diagonal 647, 08028
Barcelona, Spain; e-mail: jaime.haro@upc.es.
1003
0020-7748/07/0400-1003/0 © 2007 Springer Science+Business Media LLC



1004 Haro

The paper is organised as follows: In Section II we consider the neutral
Klein-Gordon field in a 3 + 1-dimensional cavity with moving boundaries, and
we assume that the velocity of the wall is of order €. Using an instantaneous set
of eigenfunctions (see Law, 1994; Schiitzhold et al., 1998) the Hamiltonian and
the energy of the system are calculated.

Once we have quantised the field, we calculate the time-evolved vacuum state
in the same way as Schiitzhold et al. (1998), and then we obtain, until order €2,
the average number of produced particles.

In Section 3 some examples in 1 4 1-dimensions are studied. For short times,
the formulae obtained in Section 2 are used to calculate the average number of
produced particles in an oscillating cavity. For large times, the number of produced
particles in an oscillating cavity is obtained in the rotating wave approximation.

In Section 4 the dynamical Casimir effect is studied in a 3 4+ 1-dimensional
cavity with an oscillating boundary. Some examples are discussed, one resonant
mode, two coupled non-resonant modes, etc. . . In all cases, the number of produced
particles is calculated in the rotating wave approximation.

2. CANONICAL FORMULATION
2.1. Hamiltonian and Energy

‘We consider a neutral massive scalar field in a cavity €2, with perfect reflecting
moving boundaries. We assume that the boundary is at rest for times smaller than
0 and returns to the initial position at time 7. We also suppose that their velocity is
of the order € (where € is a small dimensionless parameter). Then, the Hamiltonian
of the system is (see Schiitzhold et al., 1998; Schaller et al., 2002)

H(t;€) =) PaOn— L(t;€)
1
=3 Z (Ps + 0pt:€07) + ij PaMu (5 €) Ox, ()

with

oL

P, = —
d0On

=QOn+ Z OxMyn(t;€) and
k

My (t;€) = / X fult, X; €) fielt, X; €), 2)
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where we have introduced a real complete orthonormal set of functions f;, (¢, X; €)
satisfying the eigenvalue problem

NP Ax fo — M2t fo + W22t €) fo = 0

fn|m/ =0.

To calculate the energy density of the system, we need the Lagrangian density
of the system

3)

L(t,x) = %<h2<af¢>2 — Ph*|Vep|? — m*ctp?);

VxeQ, cR® and VreR. 4

If we use the canonical conjugated momentum

_ L,
§(1,x) = od) h=9,¢(t, X), )

the energy density is given by

2
Et,x) = Ed¢p — L(1,%) = % (% + W2 Vx> + m2c4¢2> . (6

and the energy is E(t;€) = [, d3xE(t, x).
From the expansions

AREDY Q‘;l(”fnu,x;e) and  £(t,%) =Y hPa() falt,x;6),  (7)

we obtain
E(t;€) = % Xn: (P2 + wi(t;€)02). (8)

The equations (1) and (8) show that the energy is not the Hamiltonian of the
system.

Remark 2.1. The Hamiltonian of the system can also be obtained as follows:
Firstly we transform the moving boundary into a fixed one making a not conformal
change of coordinates

R :(s,u) = (t(s,u), X(s, n)) = (s, R(s, un)), )

that transform the domain €, into a domain £ independent of the time.
Making use of the coordinates (s, u), the action of the system behaves

S://NZ(s,u)cPuds, (10)
RJQ
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with E(s, u) = JL(R(s, u)), where we have introduced the Jacobian of the change
J, defined by d*x = Jd?u. Let’s consider the function ¢ defined by ¢(s,u) =
VT $(R(s, w)). Then, the canonical conjugated momentum is

£(s,u)

= 5600 h (334’ 2¢>3s(ln D+ < uy, Vuo 2¢,v“(1n 7 >)

= 1’V JT3,4(R(s, w)), (11
and therefore, the Hamiltonian density is
H(s. ) = £d,¢ — L(s. u)

1

=2
=5 (% + 20T Vio|* + szc4¢2> +E@0¢ — VIap), (12)

The Hamiltonian density in the coordinates (¢, X) is given by
~ d*u 1~
H(t. %) = HR™'(1, %))~ = —HR™' (. %)) (13)
&dBxJ

Now, from the formulae (5) and (11) we have E(s, u) = VI E(R(s,u)), and an
easily calculation provides

_1(&@@

H(z, x) 3 2

+ £, x)(3R(R™(t, X)), Vx(t, X))

+ 2| Veo(t, X) > + m>ctP3(t, x))

+ %S(t, X)¢(t, X)d;(In J), - (14)

L)
Finally, is not difficult to check that from this Hamiltonian density we obtain
the Hamiltonian defined in formula (1).

2.2. Quantum Theory

Since we have assumed that 2, = Q for r € (—o0, 0] U [T, c0), we can de-
fine, in the Schrodinger picture, the creation and annihilation operators for times
smaller than zero and greater than T, in the following way (see Eq. (22) of the
Schiitzhold et al., 1998)

1 . ~ 1 N N
At L
a, = Zhwn(())( iPy+ wn(0)0n);  an 2o (0) (i Py + wn(0)Qp). (15)
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Then, the Hamiltonian operator can be written as follows:
N At 1
H(t;e) = Xn: heon(0) ( afan + -

wa(t; €) — 0 (0) . ot
+— Z oo @ D%+ (@n)* +2alan + 1)

in o [en© @)
1 %Mnk(r,a( G w.,(O))(“"“k andix)

ih . (l)n(o (,()k(o At A
+?§;Mnk(t,€) (‘/ 0 /wn(O) alay. (16)

When the boundary moves, that is, when ¢ € (0, T'), we can define the “quasi-
particle” creation and annihilation operators (see for details Grib et al., 1994), by

1 o A
AT _ o . .
an(t) - Zha)n([;e)( an+wn(ts6)Qn),
N _ 1 A A
(1) = N ) 6)(1 Pn + (5 €)Qn). amn

Then, using these operators the energy operator has the form
N A 1
Et;e) = 2.,: han(t; €) (aj,(r)an(t) + 5) ) (18)

Now, let 7' be the quantum evolution operator of the Schrodinger equation,
and let |0) be the initial quantum state, then the average number of produced
“quasi-particles” in the n-mode at time 7 is

Ny = (01 (T") &f(én()T'10) (19)

where m denotes the mass of the field.
If we use the identity

(0p(t; €) — Wit €)) My (15 €)

- / < AUANY fadus, » N > dS = 200(1; O (t; )8u, (20)
092,
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where N is the outward unit normal and d S is the differential of surface, a simple
calculation lead to the formula

NH(@)

. . 2
€’ ‘fot dt fasz e @O+ 23 £ (7, x;0)V ful(t, X; 0}y dS >
4 (0)wn (0)(@k(0) + wn(0))?

+O(eh. (21)

For times greater than the stopping time, the average number of produced
particles in the n-mode is

N> T)

o ‘fOT dt [,o e @O0 < 235 fi(t, X 0V fo(T, X 0)),,0, dS > 2
= ; 4 (0)om(0)(@x(0) + on(0))?

+ O(eh). (22)

3. EXAMPLES (1+1 DIMENSIONAL CASE)

Consider the domain €2, = [0, L 4 €g(¢)]. In this situation the formula (21)
behaves

2

: |

" € oo kZp? ‘fo’ 3(0)el @O+ O g7
'A/n (1) = E (

c\4
f) kX:I: @, (0)wi (0) (@, (0) + wi(0))?

. 222422
where the frequencies are w,(0) = %,/ % + m2c4.

Remark3.1. From this formula, assuming that g € C'(R), if we integrate by parts
we can easily show that the average number of produced “quasi-particles” at time
1, N"™(t) = >0 N/™(1), is infinite. For times greater than the stopping time 7, if
g € C'(R\ {tp}) the number of produced particles is also infinite (see for details
ref. [1]).

For massless “quasi-particles” we have the formula

2 & kn
Nr?(t) = EZ—(n e
k=1

+0@YH,  (23)

t ] 2
/ S TR 4+ Oe*). (24)
0




Dynamical Casimir Effect for Scalar Fields I (Particle Creation) 1009
And the average number of produced “quasi-particles” at time ¢ is

= 2 & N[ .
N = NY@) = = <j - —.) ‘/ (0 Tdt
N0 =gz2-5)|

From this last formula we can see that the concept of particle, when the bound-
ary moves, is ill-defined. Effectively, using the frequency cut-off e~ 7 /7 we get

2
+0O@EYH.  (25)

€2 © 1 ! er 2 .
Nt.y) = — (j——.)‘ f g Tdz| e TV
6L = J 0
2
€ 5 cw
=gt o (77)
e 28 Win{—y

2

% Otdr /Ot dsn (2 — 2cos (%(r - s)))

« |: g (9)¢(7) n g(s)g(r)} Lo (ﬂ;,)

+

2 L? L

Then we can define the renormalised number of produced “quasi-particles”
as follows:

2 t T . . .
NR(@) = %/0 dt/o dsln (2 —2cos (%(f _ s))) |: gc(zsj)j(f) + g(Sl):g;(T):| .

From this formula we can deduce that, when the boundary moves, the renor-
malised number of produced “quasi-particles” does not have a defined sign (For
example if we take g(t) ~ Lo(wot)N for ¢ € [0,8] with 0 < § < 1 and N > 3,
we have Ng(t) < 0). Then we can conclude that, when the boundary moves, the
“quasi-particles” are not veritable particles.

On the other hand, when the boundary returns at rest, if g € C 2@R)NC30, T,
we find

2
+ O(e™).

o0
€212

1 1 T ey
NG =T)= —— (._ )’/ & (e Tdr
1 0

6ctd = ]3 - ]_5

That is, the number of produced particles is positive and finite.

3.1. Oscillating Boundaries: Creation of Massless Pairs

Example 3.1. In this first example we study the creation of massless particles
when g has the form g(¢) = L sin 2w, (0)t), with r € N. We take the stopping

time Ty = %N with N € N, and we assume that ew(0)Ty < 1.
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Remark 3.2. 1In this case the stopping time is a period of the function

g(f)ei %(i’l+k)f ,
that appears in formula (24).

Then, from the formula (24) and using that the Hamiltonian is a periodic
operator, we obtain the same result as Ji et al. (1996)

(26)

_ [ 5 €or(OTy)* @r —mn + O(ean(Ty)*)  for n <2r
Mt 2T = { 4 O(ewr OTy)") for n>2r

And therefore, the number of produced particles is

1
Nt > Ty) = o7 (€ (0)Ty)* 2r — 12r2r + 1) + O((ew (0)Ty)Y).  (27)

Example 3.2. In this second example we consider the function g(t) =
L sin 2w;(0)t), and we suppose that the stopping time Ty is given by Ty =
ﬁ@N 4+ 1) with N € Nand N > 1. We also assume that ew(0)Ty <« 1. From
(24) we easily obtain

Nt > Ty)

1
M =T~ g eanOT)? - T5—

~(0 for n>1. (28)

On the other hand, it is not difficult to show that A°(r > Ty) = co. Conse-
quently, we cannot make the approximation

1
Nt > Ty) ~ I (ew1(0)Tn)* 81,1, (29)

because according to this approximation we have N (t > Ty) = N 10 (t>Ty),
in contradiction with N° (t > Ty) = oo.

Example 3.3. Inthis last example we would like to answer the question: When the
approximation (29) is right? One answer would be when g satisfies the following
assumptions:

(1) —g e CA(R)NC3[0, T]

() — g(t) = Lsin Qwy(0)) Vi e[ r_ 2 N*:|
—_ = 0] > )
8 ‘ ©10)" @1(0)

TN <T <2 (N 1)
< — ,
w1(0) ~ w(0)

B —-T>1 and €e(0O)T K 1. (30)

where N* € N satisfies
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With this hypothesis, for n > 1 the average number of produced pairs in the
n-mode is:
2

+ O((ean (O)T), (31

62L2 S

o _ €L’ kn
Nz = A ; (k +n)®

/ g (I)ei%(wk)rdt
1

where I = [0, -2ZZ-] U [-22-N*, T]. And then

> 01(0) 1(0)

0 6e2L4 .-

SN = T) = | IR (3) — Cr(5), (32)
o com

where ¢ is the Riemann zeta function.
On the other hand, for n = 1 we have

1 2L 2
M@ >T)= Z (ew(0)) <7<N* - 1))
e & k ?
M — (k+1)°

/ 'g'(r)ei%(uk)rdf
I

€L
42w

(N* = 1) / & (1) cosQCw1(0)7)dT + O((ewi (0)T). (33)
1

Consequently, since 7 >> 1 and 2TL(N *— 1)~ T, we have

0 e e N N =T
Na=T)~ 2 (1) e

And thus, when g satisfies (30), the approximation (29) holds.

0. (34)

Remark 3.3. From this last example, we conclude that the formula (4.6) of the
Ji et al. (1996) is valid for ¢t > T, only when g satisfies a similar version of the
assumption (30).

3.2. Rotating Wave Approximation

Here we will calculate, for large times, the average number of produced
particles in the massless case. When the Hamiltonian in the interaction picture is a
periodic operator, we can use the so-called “Rotating wave approximation,” based
in the following approximation:

Firstly using the time-ordering operator 7, we can write the evolution oper-
ator in the form

. t
T =TT exp (—%/ W,(t;e)dr) , (35)
0

where W,(r; €)= FI,(I; €) — ﬁ,(r; 0) taken in the Interaction picture.
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Let T be the period of W, (z; €), then the RWA is based in the approximation
(see Thimmel et al., 1999) o
T~ %tefi () (36)

where Weff(e) ==/, W](‘L’ €)drt
Remark 3.4. Whent = TN with N € N, we have exactly
T — /]'t - Acff(e)t
Here we make another approximation. The operator e™# can be ex-
panded in power series of the dimensionless parameters € and N in the form

e~ i Wen@TN Z A€ N°. (37)

LW (e)TN

I">S

Thus, in the case that e N ~ O(1) or e N <« 1, we can only retain the terms
(e N)", and it is not difficult to show that (see Schiitzhold et al., 2002; Schaller
et al.,2002)

e*L Veir(€)TN A e*ﬁeHLfer (38)

where the effective Hamiltonian is defined by H. = = fo? 0 W,(t; 0)dz. Finally,
assuming that the stopping time is TN, our RWA approximation that suits when
eN K loreN ~ O(1),is

T~ Tle iBa™ vy > NT. (39)

Example 3.4. 1If we take g(¢) = L sin(Qw;(0)¢) for ¢t € (0, === N), we have

o (O)

. —ih =
Her = Twl(o) |:(5IT)2 —(@)*+2 Z v+ 2)(&Z+2&n - &25111+2):| (40)

n=1

Thus, in the rotating wave approximation, the average number of massless
particles in the /-mode is

i . i
N (t > Ty) ~ (0] exp (EGHeffTN> alel exp <_E€HeffTN> 0), (41)

where Ty = w217(10)N

Now, if we define
él(s) = exp (%6[‘%55‘) CAl[ exp (—%6[‘%55‘) ,
we can write

NP (t = Ty) ~ (01¢] (Tw)e(Tw)|0). (42)
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The operators ¢;(s) satisfy the Heisenberg equation &i(s) = e%[I:Ieff, ¢i(s)].
In our case, these equations are
&1 = A0l + /363)
& = YO SIT=De2 + T+ D) for 122

Now, following the Dodonov and Klimov (1996), we write

&r(s) = Z&n\/;sﬁ“m + a;\/; (n"())", (44)
n=1

and we introduce the dimensionless parameter u = %(O)s, then inserting (44)

into (43) we obtain the equation (3.2)—(3.5) of Dodonov and Klimov (1996).
And therefore, we have (see formula (6.5) of Dodonov and Klimov, 1996)

(43)

Nt > Ty) ~ %E(J 1 — e 8K (y/1 — e~8nn) — % (45)

where uy = e‘”‘T(O)TN and, E and K are the elliptic integrals

7 7 do
E(x) = / dav'1—x%sinfa; K()= f e e—
0 0 /1—x2sinfa

Then when uy < 1 we obviously obtain (26) with r = 1. On the other hand,
when 1y > 1 the formula (45) provides (see (6.7) of Dodonov and Klimov, 1996)

Nlo(tzTN)%%,uN—i—%lnél—l. (46)
T b4 2

However we cannot ensure the correctness of this formula because our ap-
proximation is only valid when uy < 1 or uy ~ O(1). Moreover, according
to (46) we have N\ lo(t > Ty) > 1, this shows that particles created by oscillat-
ing boundaries could easily detected, but we do not know any experiment that
measures the dynamical Casimir effect.

Remark 3.5. 1f we take the stopping time Ty = mQN + 1) (in this case Ty #
TN), our RWA is a bad approximation. Effectively, we have

I A I A
exp <E%HeffTN> =1- EEHeffTN +-

and then
2

N (1 =Ty~ &

T2 N s .
7 DO (Tw)an(Tw) Het|0) + - -
n=1

1
= Z(ewl(omv)z + O((ew (0)Ty)*),
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but in the same way as the example 3.2, we can deduce that, the term of order €2
of the number of produced particles at times greater than Ty is divergent.

To obtain the result (45) for times T # TN with ew;(0)T ~ O(1) we must
make a similar version of the assumption (30) (see for more details the Section
4.2).

3.3. Energy Calculation in the RWA: 1+1-Dimensional Case

Here we calculate the energy of the system studied in the example 3.4. The
energy of this system has been calculated in the Dodonov and Klimov (1996).
Here using the RWA we will obtain, in an easier way, the same result.

The radiated energy is

00 Sl 2
(E°T)) = Y horONYs = Ty) = hon(0) Y — |t

k=1 r,n=1

with Ty = 27 N.

For s € [0, Ty] we consider the quantity

(E(s)) = ha (0) Z }n,

r,n=1

47

and following the Dodonov and Klimov (1996) we define the function § m(s) =
Zfo 1 }’2|77(”)(s)|2 that satisfies the differential equation

.. 0 . .
s = <20 (e 4 6y €0 0 € )

cw1(0) 2 ()2 ()
+ (416 = o) + 165] . @8)

2

The operators &(s) and éf(s) defined in the example 3.4 satisfies the commu-
tation rules

[€j(s), k(s)] = 0; [@;(S), G ()] = =8k

then, from the first equation of (43), and from the equations (3.2)—(3.4) of the
Dodonov and Klimov (1996), if we use these commutation rules, we obtain the
relation

Z % ( (n) (n) 1(rt)(7-7(ln))*> _ E6012(0). (49)

n=1
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From the equation [E}L(s), ¢1(s)] = —1 we have
> (6P i) =1 0
iy 1 1 .

Thus, for s € [0, Ty], the function (Eo(s)) satisfies the equation
2

ds?

€w,(0)

2
(E%s) = ( ) (16(E%(s)) + 2hwi(0)) . (51)

And therefore, since (£°(0)) = L (E°(0)) = 0, when €w;(0)Ty ~ O(1) or
ew1(0)Ty < 1, in the RWA the total radiated energy is

(E%Ty)) = }lhwl(m sinh®(ew; (0)Ty). (52)

4. EXAMPLES (3 + 1 DIMENSIONAL CASE)

In this Section we consider a rectangular cavity with a moving wall, that is,
a volume of this form

Q; =[0, L1 +€g(n)] x [0, L2] x [0, L3].

In this case the formula (21) behaves

N 2 fem\* & K ) I8 g(r)ez(wnm)wk(onrdf
Nt =
L 3

8
2\ Ly 0n(0)wk (0)(@n(0) + wk(0))? 8,2 Bk, s
+ O(eh, )

where the frequencies are

1 2 2 2
wn(0) = \/6‘2 2p2 <n1 + n + ) + m2c*.

Ly L} L}

Remark 4.1. From this formula, assuming that g € C*(R), if we integrate by
parts we can easily deduce that, the average number of produced “quasi-particles”
at time 7, N™(¢) = ) o2 N/"(1), is infinite. For times greater than the stopping
time T, if g € C'(R) NC*(R\ {to}), the number of produced particles is also
infinite.
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4.1. Oscillating Boundaries

If we take the function g(¢#) = L; sin(wy(0)t), an easy calculation provides
that

N"t>T)=00 VneNlN. (54)

Consequently, to obtain a similar result to the obtained in formula (29) we
need some assumptions. We will suppose that

(1) —g € C®R)NCHo, T]

T P
) — g(t) = LsinQaoai 1 0)) Vre [ , N*],
§ 1D w1,1,H(0) " @, 1,1(0)

where N* € N satisfies

T N <T<—T (Nt 41
_ Nt~ _
w(,1,1)(0) ~ oa,1,n(0)
B3)—T>1 and ew(lqlql)(O)T < 1. (55)

Now assuming (55) we can check that
276

KeL® .
D N =T) = =118 o + O, (56)

where K is a constant independent on N*. We also obtain

*

w(,1,1) 0)

2
4
% n) +R+0OE, (57

1
Niin@=T)= —(Ew(1,1,1>(0))2 (

with
Ce(N* — L3 .
IRl < == 21§ oo
c
where C is a constant independent on N*. Thus, since T ~ m(N *—1), we
have '
m
Ywerw M@=T)
#(, 1,1
n ~ ~ 0;
Ny =T)

1
Nyt =T)~ %@w(l,l,l)(mni (58)

and therefore, we conclude that
1

Mt > TY A
NpazT)~ o

(Ew(l,1,1)(0)T)25n,(1,1,1>- (59)
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4.2. Rotating Wave Approximation

In the 3 + 1-dimensional case, to obtain the number of created particles for
large times, we make the assumptions 1 and 2 of (55) with = 2w 1,1)

If we suppose that T > 1 and, ewT < 1 orewT ~ O(1).Fort > T, we can
make the approximation

T[ ~ 76167%61:151'[7-. (60)

where we have defined ﬁeff = lim7_ o % fOT 0c W,(t; 0) dt (see for details
Schiitzhold et al. (2002) and Schaller et al. (2002)).

Example 4.1. In this first example we take w = 2w,(0). We assume that L,
is a transcendent number and, L, and L3 are rational numbers. In this case,
there not exist any mode n and k with n, = k; and n3 = k3 such that 2w,(0) =
@n(0) = @k (0).

Then, we have

T =~ 76{ €Xp <ZEW)IT[(&1*)2 - (&I)z]

Now taking into account the formula (see Lo and Sollie, 1993)

S$1(B)anSn(B) = cosh(|B])an + % sinh(|81)a, (62)

where
A | R
$u(B) = exp (E[ma.bz - ﬁ*(an)zl) ,
we obtain, that the average number of produced particles in the s-mode, is

1 2.2.2 L2
NIt > T) ~ sinh? <—GMT> Ss.x

2 w0 ©

Example 4.2.  Another interesting example is when o = w;(0) + wg(0), where
r and s are two non-resonant modes that satisfies r, = s, and r3 = s3. We also
assume that there is not another mode coupled with r and s, that is, there not exist
any mode n that satisfies @, (0) = 2w(0) + ws(0) or wy(0) = wi(0) + 2wg(0).

In this situation we have

2

€ (TTC ris A

T ~Tlexp|—= (—) ————— (=)™ T[afal — acas) | exp (0), (64)
! p( 2\L) V0w, p(9)

where O is an operator that does not contain the creation and annihilation operators
of the modes r and s.
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If we use the formulae (8) and (9) of (Lo and Sollie, 1993) the average number
of produced particles in the r-mode and in the s-mode are

2
m A /m ~ «inh2 e r181
Nt >T)=N"(t > T)~ sinh (6 <L1) N TR 050 T) . (65

Example 4.3. In this example we consider the case w = 2w;(0), and we assume
that there exist one mode s, and only one, coupled with r, that is, a mode that
satisfies ws(0) = 3w, (0) with r, = s, and r; = s3. In this case, we have

. ihm?cri/L3 o,
_ AT O a2 a2
eff 4 oe(0) [(ar) (ar) ]
ih w2c*/L? A
R el § —1) "TAr_ ATa ihO, 66
25 on0) siri(=1)"""ad dr — alas) + i (66)

where O is an operator that does not contain the creation and annihilation operators
of the modes r and s.
In the same way of the example 3.4 we define the operators

. I A . i A
ai(s) = exp <£€Heffs> aj exp <_£€Heffs> s

Now, following the Crocce et al. (2002) if we write

a(s) = Y aky/ 20 BY(8) + 4y 20 (AP (),
n

and we introduce the new time t = €s, we obtain the equations (41) and (42) of
the Crocce et al. (2002).

An example of this situation is the massless Klein-Gordon field in a cubic
cavity. Two coupled modes arer = (1, 1, 1) and s = (5, 1, 1). Thus, we obtain the
equations (54) and (55) of the Crocce et al. (2002) with 7, = e%.
Example 4.4. In this last example we study the case w = ws(0) — w(0), with
ws(0) # 3w, (0) and r, = 5, and r3 = s3. We also suppose that there not exist any
mode n such that ws(0) = w,(0) + 2w,(0). In this situation the effective Hamilto-
nian is

A= - (7€ ’ O yynatay —atad +in0,  (67)
T2\ ) on0)wy0) T ’
where O is an operator that does not contain the creation and annihilation operators
of the modes r and s.
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From the operators
G(s) = exp <—EH ffs) ay exp <_%€ﬂeffs> ,
we obtain the following system of equations
b= ( ) o (DG

A _ 1 (mc S1ry |+
& = 2( ) O (DG

The solution of this system is

R R (1 <nc>2 syri(=1)stn ) . (1 (ﬂc>2 siri(=1)tn )
() =ascos| = —) ————F—s| —Gesin|=|—) ————s
2\ L wr(0)ws(0) 2\ L, r(0)s(0)

\ (1 (nc)zslrl(—l)w ) o (1 <nc>2s1r1(—1)sl+” )
() =arcos|=|—) ————s ) +agsin|{=| — ) —=s ).
2\ L, wr(0)ws(0) 2\ L, wr(0)ws(0)

Thus, we conclude that

(68)

Nt =T)=Ns(t =T)=0. (69)
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